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Abstract. Let (e J )t^o be a Co-contraction semigroup on a 2-smooth Banach space E, let (Wt)t^o be a 
cylindrical Brownian motion in a Hilbert space H, and let (pt)t^o be a progressively measurable process 
with values in the space j(H, E) of all 7-radonifying operators from H to E. We prove that for all 
< p < 00 there exists a constant C, depending only on p and E, such that for all T ^ we have 

ft pT p 

E sup II / e^ s)A g a dW s \\ P ^ CE( / \\g t \\* {H>E) dtV . 

O^t^T II Jo " V JO ' 

For p 2 the proof is based on the observation that tp(x) — \\x\\ p is Frechet differentiable and its derivative 
satisfies the Lipschitz estimate ||^>'(a;) — if}'(y)\\ ^ C( 1 1 a; 1 1 + ||j/||) p_ \\x — y\\; the extension to < p < 2 
proceeds via Lenglart's inequality. 
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1. Introduction 

Let (e tA )t^o be a Co-contraction semigroup on a 2-smooth Banach space E and let (Wt)t^o be a cylindrical 
Brownian motion in a Hilbert space H . Let (gt)t^o be a progressively measurable process with values in the 
space "f(H, E) of all 7-radonifying operators from H to E satisfying 

T 

\\dt\\-y(H E) dt < 00 P-almost surely 
for all T ^ 0. As is well known (see [SJ [TS1 [TB] ) , under these assumptions the stochastic convolution process 

X t = [ e^ A g s dW s , t>0, 
Jo 

is well-defined in E and provides the unique mild solution of the stochastic initial value problem 

dX t = AX t dt + g t dW t , X = Q. 

In order to obtain the existence of a continuous version of this process, one usually proves a maximal estimate 
of the form 

E sup pQf^cW f htf^H^dtf . (1.1) 

The first such estimate was obtained by Kotelenez 112] for Co-contraction semigroups on Hilbert spaces 
E and exponent p = 2. Tubaro [19] extended this result to exponents p 2 by a different method of proof 
which applies Ito's formula to the C 2 -mapping x i-> ||a;|| p . The case p £ (0,2) was covered subsequently by 
Ichikawa [10] . A very simple proof, still for Co-contraction semigroups on Hilbert spaces, which works for all 
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p € (0, oo), was obtained recently by Hausenblas and Seidler [9]. It is based on the Sz.-Nagy dilation theorem, 
which is used to reduce the problem to the corresponding problem for Co-contraction groups. Then, by using 
the group property, the maximal estimate follows from Burkholdcr's inequality This proof shows, moreover, 
that the constant C in may be taken equal to the constant appearing in Burkholder's inequality. In 

particular, this constant depends only on p. 

The maximal inequality has been extended by Brzezniak and Peszat [3] to Co-contraction semi- 
groups on Banach spaces E with the property that, for some p G [2, oo), x H ^ ||x|| p is twice continuously 
Frcchct diffcrcntiable and the first and second Frechet derivatives are bounded by constant multiples of 
||a;|| p_1 and ||:r|| p ~ 2 , respectively Examples of spaces with this property, which we shall call (C 2 ), are the 
spaces for q G [p, oo). Any (C 2 ) space is 2-smooth (the definition is recalled in Section [2]), but the 

converse doesn't hold: 

Example 1.1. Let F be a Banach space. The space £ 2 (F) is 2-smooth whenever F is 2-smooth [8j Proposition 
17]. On the other hand, the norm of £ 2 (F) is twice continuously Frcchct diffcrcntiable away from the origin if 
and only if F is a Hilbert space |HJ Theorem 3.9]. Thus, for q G (2, oo), £ 2 {£ q ) and £ 2 (L q (0, 1)) are examples 
of 2-smooth Banach spaces which fail property (C 2 ) for all p G [2, oo). 

To the best of our knowledge, the general problem of proving the maximal estimate (|1.1[) for Co- 
contraction semigroups on 2-smooth Banach space remains open. The present paper aims to fill this gap: 

Theorem 1.2. Let (e tA )t^o be a Co-contraction semigroup on a 2-smooth Banach space E, let (Wt)t^o be a 
cylindrical Brownian motion in a Hilbert space H, and let (gt)t^o be a progressively measurable process in 
j(H,E). If 

T 

\\gt\\y(H b) d< < oo F '-almost surely, 

then the stochastic convolution process X t — f e l - t ~ s ' >A g s dW s is well-defined and has a continuous version. 
Moreover, for all < p < oo there exists a constant C , depending only on p and E, such that 

fT p 

E sup pr t p<CE( / \\g t \\ 2 7{H , E) dty. 

O^t^T Wo ' 

For p ^ 2, the proof of Theorem 11.21 is based on a version of Ito's formula (Theorem 13. ip which 
exploits the fact (proved in Lemma |2~T|) that in 2-smooth Banach spaces the function t/j(x) = \\x\\' p is Frcchct 
diffcrcntiable and satisfies the Lipschitz estimate 

U\x)-^{y)\\ KC(\\x\\ + \\y\\y- 2 \\x-y\\. 

The extension to exponents < p < 2 is obtained by applying Lenglart's inequality (see (|4.1|1 ). 

We conclude this introduction with a brief discussion of some developments of the inequality (jl.ll) 
into different directions in the literature. Seidler |18j has proved the inequality (jl.ip with optimal constant 
C = 0(y / p) as p — > oo for positive Co-contraction semigroups on the (2-smooth) space E = L q (fi), q ^ 2. He 
also proved that the same result holds if the assumption l e tA is a positive contraction semigroup' is replaced 
by l —A has a bounded 7J°°-calculus of angle strictly less than ^tt\ The latter result was subsequently 
extended by Veraar and Weis [5D] to arbitrary UMD spaces E with type 2. In the same paper, still under 
the assumption that —A has a bounded iJ°°-calculus of angle strictly less than ^tt, the following stronger 
estimate is obtained for UMD spaces E with Pisier's property (a): 

E sup \\X t \\P ^C'PE\\g\\ p 2(QT . H (1.2) 

with a constant C depending only onp and E. If, in addition, E has type 2, then the mapping / ' ®(h®x) H> 
(/ (8) h)® x extends to a continuous embedding L 2 (0, T; j(H, E)) ^ j(L 2 (0, T; H), E) and (fi~2|) implies ([Ll~|) . 

Let us finally mention that, for p > 2, a weaker version of (jl.ip for arbitrary Co-semigroups on Hilbert 
spaces has been obtained by Da Prato and Zabczyk [5]. Using the factorisation method they proved that 

E sup ||X t f <OTE f T \\9tE (HE) dt 

O^t^T Jo ' 
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with a constant C depending on p, E, and T. The proof extends verbatim to Co-semigroups on martingale 
type 2 spaces. This relates to the above results for 2-smooth spaces through a theorem of Pisier [T7J Theorem 
3.1], which states that a Banach space has martingale type p if and only if it is p-smooth. 



2. The Frechet derivative of || ■ || p 

Let 1 < q 2. A Banach space E is q-smooth if the modulus of smoothness 

p\\.\\{t) = sup{±(j|x + ty\\ + \\x - ty\\) - 1 : ||x|| = \\y\\ = l| 

satisfies p\\.\\(t) < Ct q for all t > 0. 

It is known (see [TTJ Theorem 3.1]) that E is q-smooth if and only if there exists a constant K ^ 1 such 
that for all x,y £ E, 

\\x + y\\* + \\x-y\\«^2\\x\\« + K\\y\\*. (2.1) 

Lemma 2.1. Let E be a Banach space and let 1 < q ^ 2 be given. For p ^ q set ijjp(x) := \\x\\ p . 

1. E is q-smooth if and only if the Frechet derivative of tjj q is globally (q — \)-Holder continuous on E. 

2. If E is q-smooth, then for p > q the Frechet derivative of ip p is locally (q — \)-H6lder continuous on E. 
Moreover, for all p ^ q and x,y £ E we have 

- <(y)ll < c(lkll + \\ y \\y-«\\x y \r\ (2.2) 

where C depends only on p, q and E . 

Proof. If the Frechet derivative of tp q is (q — 1)-H61dcr continuous on E, then by the mean value theorem we 
can find ^ 6, p ^ 1 such that for all x,y £ E, 

\\x + y\\ q + \\x - y\\ q - 2\\x\\ q = (\\x + y\\ q - \\x\\ q ) + (\\x - y\\ q - \\x\\ q ) 

< W q (x + 8y) - yj' q (x - py)\\ \\y\\ 

< L\\(x + 0y) -(x- pyW-'M < 2"- 1 L|| 2 y|r. 

Hence the Banach space E is q-smooth. 

Suppose now that the norm of E is q-smooth. Then for all x,y £ E with ||x||, \\y\\ = 1 and all t > we 

have 

|| ac + ty\\ + \\x - ty\\ - 2\\x\\ < K\\ty\\ q . (2.3) 

Thus 

hm \\^ty\\ + \\x- ty\\-2\\x\\ = 
t->0 ||fy|| 

which by [7J Lemma 1.1.3] means that || ■ || is Frechet diffcrcntiablc on the unit sphere. Hence, by homogeneity. 
|| • || is Frechet diffcrcntiablc on i?\{0}. Let us denote by f x its Frechet derivative at the point x ^ 0. 

We begin by showing the (q — 1)-H61dcr continuity of x i-> f x on the unit sphere of E, following the 
argument of [7j Lemma V.3.5]. We fix x ^ y £ E such that ||x||, ||y|| = 1 and h £ E with \\h\\ = \\x — y\\ and 
x — y + h =/= 0. Since the norm || • j| is a convex function, 

f y (x-y)< \\x\\-\\y\\. 

Similarly, we have 

f x {h) ^\\x + h\\- \\x\\, f v (y - x -h)^\\2y-x- h\\ - \\y\\. 
By using above inequalities and the linearity of the function f x , we have 

f*(h) - f y (h) ^ \\x + h\\ - \\x\\ - f y (h) = \\x + h\\ - \\y\\ - fy{x + h - y) + \\y\\ - \\x\\ + f y (x - y) 

< \\x + h\\ - \\y\\ -fy(x + h-y) 
= \\x + h\\ - \\y\\ + f y (y -x-h) 

< \\x + h\\ + \\2y - x - h\\ - 2\\y\\ 
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y + \\x + h-y\\ 



x + h — y 



y- \\x + h-y\ 



\\x + h- y\\ 

x + h — y 



nv\\ 



\\x + h-y\\ 

< K\\x + h- y\\ q ^ K(\\x - y\\ + \\h\\) q = 2 q K\\x - y\\ g , 
where we also used (|2.3|) . Since the roles of x and y may be reversed in this inequality, this implies 

\U(h)-fy(h)\ 



\\f x -f y \\ = sup Ju ; " <2«K\\x-y\ 

\\h\\ = \\x-y\\ II ^ — 2/ II 



9-1 



This proves the (q — 1)-H61der continuity of the norm || • j| on the unit sphere. 

We proceed with the proof of (|2.2[) ; the (q— 1)-H61der continuity of i/j q as well as the local (p — 1)-H61dcr 
continuity of ip p follow from it. For all x,y e E with i^O and y ^ we have ip' p (x) = p||a;|| I,_1 /x- 

It is easy to check that f x = f_^_ and \\f x \\ = 1. Following once more the argument of Lemma 
V.3.5], this gives 



W' P ( x )-^ , P (y)\\=p\\M p ~ 1 f*-\\yV~ 1 fy 



-rllP-l 



(A 



/a) 



ip-i 



x 

HI 



112/11 



P 

9-1 



(Ikf- 1 - 112/f" 1 )/^ 



9-1 



P 



IP-1 



— 112/1 



p-i 



9-1 



IP— 1 



- II//II 



^ P 2 q K\\x\\ p - q \\y\\ 1 - q x\\y\\ - y\\x\\ 

= ^Hsr-'llyll 1 -'! IMKx - y) + z/Cllvll - Nl) 

^p2^||xf-9||y|| 1 -«(2||y||||x~y||)«" 1 +p|||x|r 1 -||y||^ 
= p2 29 - 1 J ft:||.T|| p - ,J ||.T - 2/|| ^ 1 + p - 1 - Hyf- 1 . 
If g ^ p ^ 2, then by the inequality \t r — s r | ^ |i — s| r , valid for < r ^ 1 and s, t e [0, oo), we have 

liwr 1 - ibir 1 ! < iimi - Nir 1 < \\x- yir 1 < m + \\ y \\r- q \\x y \\ q -\ 

If p > 2, by applying the mean value theorem, for some 8 S [0, 1] we have 



(2.4) 



ip-i 



= (p - 1) 11^ + (i - %ir 2 iW ( i^),(z - y) 

^(p-l)(\\x\\ + \\y\\y- 2 \\x-y\\ 

^(p-mxii + Mr-^M + Mf-^x-yir 1 
= (p-i)(\\x\\ + \\y\\r- q \\x- y \r i . 

Also, since ?/>p(0) = 0, for y ^ we have 

n<(o) - ^(z/)ii = Pii^r- 1 = Pii^ir- 1 



\\y\\ 



<p\\y\\ p - 1 



\\y\\ 



9-1 



= p\\y\\ p - q \\y\ 



9-1 



□ 



The above lemma will be combined with the next one, which gives a first order Taylor formula with a 
remainder term involving the first derivative only. 

Lemma 2.2. Let E and F be Banach spaces, let < a ^ 1, and let ip : E — > F be a Frechet differentiable 
function whose Frechet derivative ip' : E — > ^{E,F) is locally a-Holder continuous. Then for all x,y 6 E 
we have 

ip(y) = ijj(x) + ip'(x)(y -x) + R(x, y), 
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where 

R(x,y)= f (ip'(x + r(y-x)){y-x)-ip'{x)(y-x))dr. (2.5) 
Jo 

Proof. Pick w G E such that \\w\\ ^ 1 and consider the function / : R — > F by 

f{6) := + 

For all a;* G F* , (/', a;*) is locally a-H61der continuous. To see this, note that for |0i|, \0 2 \ < R and ||x|| ^ R 
we have ||x + $iu>|j, ||x + 92tv\\ ^ 2i?, so by assumption there exists a constant C 2 r such that 

|</'(0i) - /'(to),**)! - KV'fc + i*) - (ip'(x + 8 2 w)w,x*)\ 

^ H>'(x + 9 1 w)-tP'{x + 6 2 w)\\ \\x*\\ ^ C 2R \9 1 -6 2 \ a \\x*\\. 

Applying Taylor's formula and [T| Lemma 1, Theorem 3] to the function (/, x*) we obtain 

(f(t) - f(0),x*) = t(f'(0),x*) + (R f (0,t),x*), 

where R f (0, t) = J* t(f(rt) - /'(0)) dr. Now let x,y G E be given and set t = \\y - x\\ and w = \\ y Z^\\ - Witn 
these choices we obtain 

(i>{y), x*) - (i>{x),x*) - W{x){y - x), x*) = (Hx + tw), x*) - (1>(x), x*) - t(^x)w, x*) 

= (f(t)-f{0)-tf'(0),x*) 

= f t(f'(rt)-f'(0),x*)dr 
Jo 

i 

(tp'(x + r(y — x))(y — x) — ip'(x)(y — x), x*) dr. 
Since x* G F* was arbitrary, this proves the lemma. □ 



3. An Ito formula for || • \\ p 

From now on we shall always assume that E is a 2-smooth Banach space. We fix T ^ and let (CI, J?, P) be 
a probability space with a filtration (&t)te[o,T]- Let H be a real Hilbcrt space, and denote by j(H,E) the 
Banach space of all 7-radonifying operators from H to E. We denote by M([0, T]; ^(H, E)) the space of all 
progressively measurable processes (:[0,T]xS!-> j(H,E) such that 

T 

\\£t\\j(H e) dt < 00 P-almost surely. 
The space of all such £ which satisfy 

/ f T \ 2 

E( J Utf^B,E)^) 2 <°0 

is denoted by M^flp, T]; 7(i?, E)), 0<p<oo. 

On (f2, P), let (Wt)te[o.T] be an (^ t ) t6 [ ^-cylindrical Brownian motion in H. For adapted simple 
processes £ G M([0, T];~f(H, E)) of the form 

n-l 

6 = ^l( tl , tl+1 ](t)® 
i=0 

where n = {0 = to < t\ < ■ ■ ■ < t n = T} is a partition of the interval [0, T] and the random variables Ai are 
J-" ti -measurable and take values in the space of all finite rank operators from H to E, we define the random 
variable /(£) G L°(Cl,.^ T ;E) by 

n-l 

/(e) :=j2mw u+1 -w u ) 

i=0 



G 
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where (h ® x)Wt := (Wth) <£> x. It is well known that 



E||/(0|| 2 <C 2 



\€t\\y(H,E) di ' 



where C depends on p and E only. It follows that / has a unique extension to a bounded linear opera- 
tor M 2 ([0, T]; *y(H, E)) to L 2 (£1,JPt',E). By a standard localisation argument, / extends continuous linear 
operator from M([0, T];j(H, E)) to L°(tt, & T \ E). In what follows we write 

f £ s dW s := l{l {0 ,t]0, t€[0,T}. 
Jo 

This stochastic integral has the following properties: 

1. For all £ G M([0,T};~/(H,E)) the process t f* £ s dW s is an i?-valued continuous local martingale, 
which is a martingale if £ G M 2 ([0, T];j(H, E)). 

2. For all £ G M([0,T};~/(H,E)) and stopping times r with values in [0,T], 



/ ZtdW t = [ l[o lT ](t)6dWi P-almost surely. 
Jo Jo 



3. For all £ G M 2 ([Q,T];j(H,E)) and < u < t < T, 



E 



* 2 



(3.1) 



(3.2) 



4. (Burkholder's inequality [2j[6]) For all < p < oo there exists a constant C, depending only on p and 
E, such that for all £ G M p ([0, T]]j(H, E)) and i G [0,T], 



E sup 

se[o,t] 



tiudW u 



< C*E 



ie 



s|l7(ff,B) ' 



(3.3) 



An excellent survey of the theory of stochastic integration in 2-smooth Banach spaces with complete 
proofs is given in Ondrejat's thesis [16], where also further references to the literature can be found. 

In what follows we fix p ^ 2 and set 4>{ x ) := 4>v{ x ) = \\ x \\ p - Since we assume that E is 2-smooth, this 
function is Frechet differentiable. Following the notation of Lemma 12.21 we set 

R<p(x,y) := / {ip'(x + r(y-x)){y-x)-ijj'{x)(y-x))dr. 
Jo 

We have the following version of Ito's formula. 

Theorem 3.1 (ltd formula). Let E be a 2-smooth Banach space and let 2 $J p < oo. Let (at)te[o,T] be an 
E-valued progressively measurable process such that 



E 



at || dt ) < oo 



and let [gt)te[o,T] be a process in M p ([0, T]; 7 (if, E)). Fix x G E and let (Xt)te[o,T\ be given by 



X, = x 



a s ds 



9s dW s 



The process s v- > ip'(X s )g s is progressively measurable and belongs to M 1 ([0, T]; H), and for all t G [0,T] we 
have 

pt pt m(n)-l 

rfi(X t )=1>(x) + i>'(X s )(a s )ds+ i>'(X s )(g s )dW s + lim V R 4 ,(X t ^ u X t , M ) (3.4) 

Jo Jo n^oo 
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with convergence in probability, for any sequence of partitions Tl n = {0 = £q < £™ < " " • < ^mM = w hose 
meshes ||n„| := maxo<jj^ m ( n )_x \t" + i — i™| tend io as n — > oo. Moreover, there exists a constant C and, 
for each e > 0, a constant C £ , both independent of a and g, such that 

m(n)-i t p 

Eliminf V \R^(X t r> At ,X t n M )\^eCE sup \\X s \\p + C e E( / ds ) 2 . (3.5) 

n ^°° ^ ' »£[<>.*] v ->o 

The proof shows that we may take C e = C (e l ~ p + 1) for some constant C independent of a, g, and e. 
Before we start the proof of the theorem we state some lemmas. The first is an immediate consequence 
of Burkholdcr's inequality (|3.3[) . 

Lemma 3.2. Under the assumptions of Theorem \3.1\ we have 

E sup ||X t p ^ CE( [ \\a s \\d S Y + CE( [ \\g s \\ 2 l{HE) dsY . 

Lemma 3.3. Under the assumptions of Theorem ] 3. 11 the process t i— > ip' (X t )(gt) is progressively measurable 
and belongs to M x ([0, T];H). 

Proof. By the identity = p||:r|| p ~ 1 and Holder's inequality, 



E(y o \mx t ){g t )\\ 2 H dty n^(x f )!i 2 ii. 9t |i^, B) dt) 5 

<e sup wx^-u [ T \\gt\\* {H , E) d S y 

^C(E sup ||X t f) V (E( [ T \\g t \\* { „. E) d s )*)K 



te[o,T] 

and the right-hand side is finite by the previous lemma. The progressively measurability is clear. □ 

This lemma implies that the stochastic integral in (|3.4[) is well-defined. 

Lemma 3.4. Let O^u^t^Tbe arbitrary and fixed. Under the assumptions of Theorem \3.1l the process 
s i y ip' (X u )(g s ) is progressively measurable and belongs to M 1 ([0, T]; H). Moreover, ¥-almost surely, 



i>'{X u ) / g s dW s = / ^{X u ){g s )dW s . 

J u J u 

Proof. By similar estimates as in the previous lemma, 

E( f W{X u ){g s )f H As) k < C(E\\X u \n^ (e( f \\9s\\^ H , E) ds) 5 ) * 



The progressively measurability is again clear. To prove the identity we first assume that g is a simple 
adapted process of the form 

n-1 

9» = ^2 1 (u,u + i]( s ) A *> 

i=0 

where n = {u = to < t\ < ■ ■ ■ < t n = t} is a partition of the interval [0,T] and the random variables are 
Tti -measurable and take values in the space of all finite rank operators from iJ to E. Then, 

pt n—l 

i}'(X u ) / g s dW s =iP'{X u )(j2MW u+ i-W ti j) 

= tf(Xu)(MW tl+1 - W ti )) = / iP'{X u ){g s )&W s . 

For general progressively measurable g £ L p (£l; L 2 ([0,T}; j(H, E))), the identity follows by a routine approx- 
imation argument. □ 
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Proof of Theorem \3.1[ The proof of the theorem proceeds in two steps. All constants occurring in the proof 
may depend on E and p, even where this is not indicated explicitly, but not on T. The numerical value of 
the constants may change from line to line. 

Step 1 - Applying Lemma [2.21 to the function ij)(x) = \\x\\ p and the process X, we have, for every 
t£[0,T], 

m(n) — 1 
i=0 

m(n) — 1 m(n) — 1 

= (x t ™/\t)(Xt<i +1 /\t — x t n At ) + 22 Rii>(Xt?/\t, Xtf +1 At)- 



i=0 



i=0 



We shall prove the identity (|3.4[) by showing that 

i(n)-l 



lim V i)'(X t n At )(X t n M -X t n)= [ if/ (X s ) (o. ) d S + / $ (X s ) (g a ) dW s 

with convergence in probability. In view of the definition of X t , it is enough to show that 



m(n) — 1 



i=0 



t™ +1 At 



lim J2 Tp'( X t?At)( a s ds)- ^{X s ){a s )ds 



t?At 



P-almost surely 



and 



m(n) — 1 

lim V V'(X { . 

n. — ^no ^ — * 1 



t!*Ai 



ff.dWJ- / V'PQ(<7 s )dW s = in probability. (3.6) 



By (|2.2[) . P-almost surely we have 

m(n)-l _ t « 



limsup ^ ^(X t?At )( a *)- *P'(X s ){a s )ds 

n->oo I j=0 V Ji"At ' JO 

m(n)-l „t" +1 At 

limsup ]T / (V-'(A t n At )-^(A s ))(a s )d S 

n->oo I Jt™At 

m(n)-l ^ +1 At 

<C sup ||X s f- 2 x limsup V / ||A i?At -A s |j ||a 



^ C sup ||^ s || p 2 x limsup f sup 



sup ||X t » At -X s || x 



n->oo v 0^i^m(n)-l s£[t"At,t™ +1 At] 



m(n)-l „t" At 

( § I 



a J ds 



i=0 



It" At 



= o, 



where we used the continuity of the process X in the last line. 
Next, by Lemma T3. 41 and the inequalities (|3.2[) and 



V v' (*t ? At ) / <? s dW s - / ^' (x s ) (<? s ) d w s 

V -'t"At 7 ' n 



i=0 



V / ^'(I ( » At )(s 5 )dlf s - / ^(A s )( 5s )dW s 

^ m(n) — 1 

E ^r+jOOOWrw) - <P'(XsM9s) dw s . 

i=0 
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Recall that the localized stochastic integral is continuous from M([0, t}; *y(H, E))) into L (tl,&t',E). Hence, 
in order to prove that the right-hand side converges to in probability, it suffices to prove that 

m(n) — 1 



lim 

n— >oo 



i=0 



L*([0,t];H) 



in probability. 



For this, in turn, it suffices to observe that P-almost surely 

m(n) — 1 

hm II J2 l( t ?.t hl] (sW(X t?At )-^(X s )) 

77.— >OC ^— ' v % *+J- J i 



L°°([0,t];E*) 



= lim sup sup \\i>'(X tfM )-ip'(X s )\\ =0 

71-+00 se[tt'At,tf +1 At] 

by the path continuity of X. 

Step 2 - In this step we prove the estimate (|3.5j) . By (|2.2p . for all x,y £ E and r e [0, 1] we have 
W{x + r(y - x)) - V{x)\ ^ (\\x\r 2 \\x - y\\ + \\x - y^ 1 ). 
Combining this with f|2.5|) we obtain 

We shall estimate the two terms on the right hand of (|3.7|) side separately. 
For the first term, using the inequality \a + b\ 2 ^ 2 1 a. | 2 + 2\b\ 2 we obtain 

m(n) — 1 

j2 \\x t?At \r 2 \\x t7+iM ~x t »a 2 



(3.7) 



i=0 



i(n)-l 



(n)-l 



<2 £ H^?A t || p - 2 / a s ds + 2 Y, H^?A t |l P " 2 / 



For the first term we have 



se[o,t] 

< 2C sup ||X s f- 2 
se[o,t] 





i- 


=0 




rti+i A * 




x sup 




a s ds 




Jt™At 










x sup 




a s ds 


i 


it" At 





3, d^ 5 



m(n)-l ,< +1 At 

x / a s ds 

»=o ^ At 

x / ||a s j|ds. 
Jo 



By letting n -> oo we have max ^ m ( n )_ 1 (t" +1 — i") — > 0, so 

ft".. At 



sup 

0<i<m(n)-l 



a, ds 



t"At 







as n — > oo. Therefore, 

lim J™ = 0, P-almost surely. 

n— >oo 

To estimate I2 we use p.2[) and Young's inequality with e > to infer 

m(n)-l /•<?+! At 

E liminf / 2 ™ < liminf E/ 2 ™ = liminf E V \\X t r, At \\P- 2 / g s dW. 

~L Jt?At 



i=0 
m(n) — 1 

liminf ^ e(||A 

" i=0 

m(n) — 1 



<C liminf J] E(||X t?At ||f- 2 E( /" 
i=o •' t ! 



tf At 
t" +1 At 

t?At 



ff«ll7(H,B) dsp t?At 
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m{n)-X ft? +1 M 

sCCliminf J2 m\\Xt?M\r 2 \\9sf l(H ,E)te 

m(n)-l . t « +1 Ai 

^Climinf E( sup ||X s f- 2 V / ||<? s || V B) ds 



= CE( sup ||X s |r 2 [ \\g.\\h HtB) d8 

y s£[0,t] Jo n 

CeE( sup \\X s \\p) +Ce 1 -5 E ( / ||g s || 2 (ffiS) d s 



5, dW s 

t"At 



Next we estimate the second term in (|3.7p . We have 

m(n)-l m(n)-l pt™ +1 f\t p m(n)-l ,-t™ +1 At 

53 \\x t ^ iAt -x tfM \\p^c 53 \\ I a * ds + c E 

i=0 i=0 •'**At i=0 

A similar consideration as before yields 

/•*"+i At p-i rt 

lim Ig ^ C lim sup / a s ds x / || a s || ds = 

rwoo "-^°°0^Krn(n)-l -A? At Jo 

Moreover, by Burkholdcr's inequality (|3.3[) . 

Eliminf liminfE^ 1 = Climinf V E / g s dW< 

n l 



P 

— r™ 



•W-l ,-t^At 

E / 

x J if At 
(»)-! /.t" +1 Ai 



< Climinf ^ E( / ||g s || 2 (H £)ds 



^ Climinf E( ^ / \\9s\\ 2 yiH , E) ds 



pi 



= CE( jf ll.9,||^, B) d S 
Collecting terms, for any e > we obtain the estimate 

m(n)-l t 

Eliminf 53 \R,p(X t?M ,X tt+iM )\^CeE( sup | W ) + + 1)e( / || 5s || 2 (Hi£) ds 



In the proof of Theorem 11.21 we will also need the following simple observation. 
Lemma 3.5. ¥- Almost surely we have 

m(n) — 1 rrt(n) — 1 

liminf sup > \R l i ) (X t v/\t, 

X t n iAt )| <liminf > \Rl,(X t n,X t n)\. 

Proof. Fix £ <G (0,T] and let k(n) be the unique index such that t £ (*fc( n ), *ft(„)+i]- Then 

m(n) — 1 fe(n) — 1 

53 !-&!/> (-^t? A*, -X"^ At) i = 5Z i^(^*?'^*?+i)i + i^(^*fc ( „)'^*)i 

i=0 i=Q 

m(n) — 1 

< 53 \R^X t7 ,X t7+i )\ + \R t (X %n)1 X t )\ 



Stochastic convolutions in 2-smooth Banach spaces 



11 



m(n) — 1 

^ I^(%'% + JI + c II^ w II p " 2 II x *- x 'm„)II 2 + C7 II x *-^ m II p 

i=0 
m(n) — 1 

< J2 \RAx t? ,x t , +i )\ + c sup \\x s \r 2 \\x t -x tt f + c\\x t -x t ~ f. 

l=0 se[o,r] 
Now p.8p follows by taking the limes inferior for rt — > oo and using path continuity. □ 

4. Proof of Theorem 11.21 

We proceed in four steps. In Steps 1 and 2 we establish the estimate in the theorem for g £ M p ([0, T}; j(H, E)) 
with 2 < p < oo. In order to be able to cover exponents < p < 2 in Step 3, we need a stopped version of 
the inequalities proved in Steps 1 and 2. For reasons of economy of presentations, we therefore build in a 
stopping time r from the start. In Step 4 we finally consider the case where g <G M([0, T];j(H 7 E)). 

We shall apply (a special case of) Lenglart's inequality [T31 Corollaire II] which states that if (£t)te[o,T] 
and (at)te[o,Tl are continuous non-negative adapted processes, the latter non-decreasing, such that E£ T ^ Ea T 
for all stopping times t with values in [0, T], then for all < r < 1 one has 

E sup £[ < — ~^a r T - (4-1) 

OsSt^T 1 — ?' 



Step 1 - Fix p > 2 and suppose first that g € M p ([0, T]; 7(if, D(A)). As is well known (see [TB]), under 
this condition the process X t — J e( t ~ s * >A g s dW s is a strong solution to the equation 

dX t = AX t dt + g t dW t , i > 0; X a = 0. 

In other words, X satisfies 

X t = [ AX s ds+ I g s dW s V£e[0,T] P-almost surely. 
Jo Jo 

Hence if r is a stopping time with values in [0,T], then by (|3.1j) . 

Xtt\r — f l [0 . T ](s)AX s ds+ f l [Q . T] (s)g s dW s Vie[0,T], P-almost surely. 
Jo Jo 

Let us check next that a t := l[o lT ](t)AX t satisfies the assumptions of Theorem 13.11 Indeed, with h t :— 
l[o iT ](t)Agt we have, using the contractivity of the semigroup S and Burkholder's inequality (|3.3D . 



E( / ||a 4 ||dt) P < 

lo ' v ^o 



e (t - s)A h s dW s df* 



T 

dt 



II 



o 



■ CT P 1 

^CT^EjT {^\\e^ A h a f l[H>E) dsf dt 

fT p 



Hence we may apply Theorem 13.11 and infer that 

\\XtAr\\ P = [ l lQ>T] (s)i>'(X 8 )(AX s )ds 



m(n) — 1 



/ l [ o |T ](«)^(X,)(ff,)dW > + lim V R^(Xtn AtAT ,X t n AtAr ) 
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t m(n)-l 

«S / ho,r]{sW{X s ){g s )dW s + lim V ^(JWat, Jf t - AtAr ) 
since ijj'(x)(Ax) ^ for all x <G E by the contractivity of e tA (see [2 Lemma 4.2]). Hence, by Lemma [33 

t m(n)-l 



E sup \\X tAT \\ p <E sup / l [QiT] (sW(X a )(g a )dW a + E sup liminf V |ify(X t » AtAT , X t »/ 
te[o,T] te[o,T]Jo te[o,T] ™^°° ~q 

t m(n)-l 

a sup / l [0>T] (s)V / (X s )( ffs )dW s +Eliminf V |i^(X t » Ar ,X t » At )| 
tefo.TlJo ,wo ° * 



^CE sup f l l0tT] (s)i>'(X s )(g s )dW s 



te[o,T] Jo 



T 



+ eCE sup ||X sAr f + C e E( / l[o,r](s)||sJ^ij)dsY 

sS[0,T] Wo 7 

By Burkholdcr's inequality (|3.3p and the identity H^'C?/)!! = p||y|| p_1 , 
/"* 

E sup 
te[o,T] 



o 



i [0iT] ( S )^(x s )( 5s )dw s | < ce(^ i [0 , r] ( S )||^(x s )|| 2 ii 5s ||2 (ff £)ds y 



= CE( / T 1 [0)T] ( S )||X S || 2(P ^Iball^ds 



o 



/•T I 
^CE( SUp WXt^W^f l[0,r](s)\\g S \\ 2 l{H . E) d S y) 

v te[o,T] v Jo 7 7 



<C^(E t Sup ] ||Jf tAT r) P (E(jf W^IISall^ds)*)* 

sCCeE sup ||X tAr f + C e E( / T l [0 ,.](s)|| 5s ||L ff £) d s )', 
tefo,Tl v Jo 7 



t6[0,T] V J0 

where we also used the Holder's inequality and Young's inequality. 

Combining these estimates and taking e > small enough, we infer that 

E sup ||X tAT f ^Ce( l[ , T ](s)\\g s \\L HtE) ds) 2 . 
te[o,T] v Jo 7 

Step 2- Now let g € M p ([0, T};j(H, E) be arbitrary. Set <?" = ninl-Aytg, n ^ 1. These processes sat- 
isfy the assumptions of Step 1 and we have \\g" \\-y(H,E) ^ HsI^Hj.e) pointwisc. Define X™ = f Q e^ t_s ^g" ds. 
From Step 1 we know that for any stopping time t in [0,T] we have 

E sup !|X» t ||^Ce( / T l [0jT] ( s )||^||2 d s ) 5 . 
te[o,T] v Jo 7 

In particular, as n, m — > oo, 

E sup ||X t "-X t m || p ^0. 
te[o.T] 

In these circumstances there is a process X such that lim n _j.oo Esup t6 [ t] ll-^t* ~ Af|| p = and 



E sup ||X t Ar|| p < CTE / l[o,r](s)ll5,||'( ffjB) ds) 2 . (4.2) 



te[o,T] 

Also, notice that for every t € [0, T], we have 

E|LY t "-X t r = E|| / e^'^ds- / e<'-^ 8 d S || P < C(E / || 5s " - 5s ||^ £) ds) P . 
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Hence X™ — > X t in L p (il; E). Therefore, X is a modification of X. This concludes the proof for p ^ 2. 

Step 3 - In this step we extend the result to exponents < p < 2. First consider the case where 
g € M 2 ([0,T];7(i7,i;)). By (@T2]), for all stopping times r in [0,T] we have 

E||X t || 2 ^Ce/ \\g a \\* (Htm d8. 
Jo 

It then follows from Lenglart's inequality (|4.1[) that for all < p < 2, 

E sup ||X t f <CE( / T 11.9s ll^, £) d S ) f . 
te[o,T] Wo y 

For g S M p ([0, T]; 7(_ff, i?)) the result follows by approximation. 

Step 4 ~ Finally, the existence of a continuous version for the process X under the assumption g G 
M([0, T];7(if, E)) follows by a standard localisation argument. 
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